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Abstract—We consider the problem of maximizing the integral stiffness of solid elastic plates described by
thin plate theory. Assuming the material volume and plate domain to be given, we use the plate thickness
function as the design variable and take both maximum and minimum allowable thickness values into
account. On the basis of a convenient tensorial formulation of the problem, where the governing equations
are derived by variational analysis and constitute necessary conditions for stationarity, we develop an
efficient and quite general numerical algorithm by means of which a number of stationary solutions for
rectangular and axisymmetric annular phtes with various boundary conditions are obtained.

These numerical results enable us to mvesnple the optimization problem itself in terms of its major
parameters, particularly the maximum and minimum values specified for the plate thickness. For problems
associated with large ratios between these constraint values, plate desnzns with significant integral stiffeners
are obtained. We find however, that these desn;ns are only local optima and that a global optimal plate
thickness function does generally neither exist within the class of smooth functions nor within the class of
smooth functions with a finite number of discontinuities. In order to determine a global optimal solution
associated with given thickness constraint values, it is therefore necessary to change the optimal design
formulation. With implications for a number of similar two-dimensional optimization problems, our results
offer valuable indications of the lines along which such changes should be performed.

INTRODUCTION

Optimal design problems for thin, solid elastic plates of non-uniform thickness are considerably
complicated by an inherent cubic relationship between the plate bending rigidity and thickness.
This non-linear relationship is the cause of the difficulty[1-3] that the field equations for
stationarity are only necessary conditions for optimality and do not ensure global optimality of
a possible solution. Moreover, due to the cubic relationship mentioned, the governing field
equations for the plate become a highly nonlinear and strongly coupled system of integro-partial
differential equations, the complexity of which readily excludes the possibility of closed form
solutions. The search for solutions and investigations of many significant features of plate
optimization problems as well, must therefore be based on numerical methods specially
developed for these purposes.

Numerical solutions to geometrically unconstrained solid plate optimization problems, i.e.
problems where no constraints are specified for the plate thickness function, are published in
[4-8]. These solutions all have smoothly varying thickness distributions, but as is argued in
different ways in [2,3,7,9-11], plate designs with integral stiffeners will be associated with
more optimal properties. The advantage of a direct use of stiffeners for reinforcement has been
demonstrated in different contexts in [12-16). Smooth, stationary solutions obtained to
geometrically unconstrained formulations for optimal design must consequently be considered
as local optimal solutions, see [2,3,7,9, 17, 18].

Thus, we are confronted with the paradoxical situation that optimal plate designs must be
expected to have integral stiffeners, but that such solutions have yet not been obtained by
optimization. This paradox is previously studied in [17] by way of introducing suitable
singularities into a geometrically unconstrained plate optimization problem. This problem was
thus shown to possess several local optimal solutions with stiffener-like thickness distributions
between the singularities. It was aiso found in [17] that the optimal characteristics of the local
optimal solutions increase rapidly with the number of stiffeners contained in the solutions, but
that a global optimal solution does not exist when no constraints are prescribed for the plate
thickness function. The latter result is later confirmed mathematically in [2, 3].

It is the objective of the present paper to investigate a reformulation of the plate
optimization problem, where both maximum and minimum constraints are considered for the
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plate thickness function. As before, the available volume, material, domain and boundary
conditions for the plate are assumed to be given. We consider the problem of maximizing the
stiffness (minimizing the compliance) subject to a given transverse load distribution on the
plate. To some extent, this problem is less complicated than designing with respect to other
objectives, but it contains all the significant features that are inherent in optimal design of
plates. Maximum stiffness design of solid plates has previously been considered in
[3,4,8,11, 16, 19-21], of sandwich plates in [22,23] and of other structures in, e.g. [24-26].

In Section 1, we state the plate equations and three sets of homogeneous boundary
conditions in tensor form. This is the outset for the derivation in Section 2 of a general set of
necessary conditions for optimality from the principle of minimum potential energy by
variational analysis. In Section 3, we then develop a stable and effective numerical solution
procedure based on successive iterations, which can be used for any particular coordinate
system chosen for the plate. In Section 4 the set of tensorial governing equations are
specialized to Cartesian coordinates and solved for simply supported and clamped rectangular
plates by means of the aforementioned numerical procedure. Using polar coordinates as a
reference frame in Section 5, we present a number of results for axisymmetric annular plates
with various combinations of boundary conditions. Here, the loading is assumed to vary
harmonically in the circumferential direction, which implies that the governing equations for
optimality are reduced to a set of ordinary integro-differential equations.

The numerical results presented in Sections 4 and § display significant features: a definitive
tendency towards formation of stiffeners and the existence of different local optimal plate
designs. Furthermore, for problems associated with large ratios between the maximum and
minimum thickness constraints, a global optimal design does not seem to exist within the class
of thickness functions considered in the present formulation; our results indicate, as is
discussed in Section 6, that such a design should be sought within a class of plates that has an
infinite number of infinitely thin stiffeners.

1. PLATE EQUATIONS IN TENSOR FORM

We consider a thin, solid, elastic plate of variable thickness, whose mid-plane occupies a
given domain §) with the contour w in the x' - x*-plane of some three-dimensional coordinate
system x', the x3-axis of which is assumed to be perpendicular to the x' — x%-plane. The plate is
assumed to be loaded transversely by a given static load of intensity p(x', x%), and the equation
of equilibrium in the x’-direction can then be written in the general form[27, 28]

dadBMaB =Dp. (])

Here and in the following, Greek indices take values 1 and 2 and repeated indices imply
summation.

In eqn (1), d, denotes the operator of covariant differentiation with respect to the coordinate
of index a, and M°? is the contravariant, second order moment tensor

M°# = D{(1 - v)d°dPw + va"td ,d"w}, 2

where the scalar function w(x®) denotes the plate deflection in the x>-direction, a®® is the
contravariant metric tensor for the plate mid-plane coordinates x* and d* =a®’d, is the
operator of contravariant differentiation.

The function D(x*) in eqn (2) identifies the plate bending rigidity

___ER
D=1y @

Within thin plate theory, this is a scalar function (i.e. independent of orientation) and it is noted
to be cubic in the thickness function h(x*) for solid plates. The constants E and » denote
Young’s modulus and Poisson’s ratio, respectively, of the plate material.
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By substituting eqn (2) into eqn (1), we obtain the following fourth order, partial differential
equation for the deflection function w(x®) of a plate of variable thickness

d,dg[D{(1 ~ v)d*dPw + va®?d d"w}] = p. @
At the contour  of the plate, we consider the possibility that either of the following three
sets of linear, homogeneous boundary conditions may be prescribed, namely, the conditions for
a simple supported plate edge
w=0, Mw)=0 x* € w, (5a)
the conditions for a clamped edge
w=0, $(w)=0 x* € o, 5b)
or the conditions for a free edge (assuming the plate to be supported elsewhere)
Mp(w)=0, Qw)=0 x" € w. (5¢)

In (5b), ¢ = n*d,w identifies the scalar slope of the deflection w normal to the curve , and
in (5a) and (5¢),

Mg = M**n,n, (6)
and
ap
Q=-nudphos - LM -lea) 0

represent, respectively, the effective bending moment and the effective (Kirchhoff) shear force
per unit length of the curve w. Here, n, and ¢, denote, respectively, the outward unit normal
vector and the unit tangential vector in the x plane to the curve w.

By means of the expressions for ¢, Mp and Q given above, and the expression for M* in
eqn (2), all the boundary conditions (5a)-(5¢) can readily be written in terms of w.

2. GENERAL FORMULATION OF THE OPTIMIZATION PROBLEM
Using the plate thickness function h(x*) as the design variable, it is now our objective to
maximize the integral stiffness of the plate subject to a given transverse load distribution p(x*)
and given boundary conditions. This problem is equivalent to minimization of the compliance

T= L pw dQl, 8

that is, the work done by the applied forces.

The optimization is to be performed under the condition that the total volume of plate
material

V=Lhd0 )

is prescribed. The domain () and the material constants E and » of the elastic plate are assumed
to be given as well,

In addition to the integral constraint (9) for our design variable A(x®), we also assume that a
maximum and a minimum allowable value (A, and h,;,, respectively), are specified for 4, i.c.
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Amax S B(x*) < h.. These inequality constraints are easily transformed into equality constraints
hmax -h= 02 (10)
h=Hpe=1° (11

by means of the real slack variables o(x*) and 7(x*®).
We now apply a variational formulation of the optimization problem stated above and
construct an augmented functional #*,

nt= fnpw dg-f nld.dg[D{(1 - v)d"dPw + va*®d d"w}] - p] dQ2 + A U hdQ- V]
n fn

- J' Alh = b + 07 42— f klhoi — h +17] d0) 12)
0 1)

where the plate differential eqn (4), the volume constraint (9), the geometric maximum
constraint (10) and minimum constraint (11), respectively, are adjoined to the functional = of
eqn (8) by means of Lagrangian multipliers n(x*), A, A(x*) and «(x®). The principle of
stationary potential energy and the introduction of the Lagrangian multipliers permit us to take
independent variations of 7* with respect to its variables in the following.

The set of necessary governing equations for our optimization problem now consists of the
Euler-Lagrange equations expressing stationarity of «#* for arbitrary admissible variation sw,
8h, 6o and &r, in addition to the constraint eqns (4), (9), (10), (11), and the particular set of
boundary conditions (5a), (5b) or (5¢) under consideration.

As is shown in the Appendix, the condition of stationarity of #* with respect to variation of
w leads to the result that the Lagrangian multiplier function n(x®) satisfies the same differential
eqn (4) and particular set of boundary conditions (5a), (5b) or (5c) as does the function w(x®).
Hence, we have

7(x*) = w(x®). (13)

When deriving the condition of stationarity? of #* with respect to variation of the design
variable h(x*), the so-called optimality condition, it is useful to write the second integral on the
r.h.s. of eqn (12) in terms of M*# by means of eqn (2), and to eliminate n by means of (13).
Performing the variation with subsequent application of the divergence theorem and the
boundary conditions for w(x*) as shown in the Appendix, we arrive at the result

aD

-(97(]—ii)D§[(1+V)M“BMaB—VM:Mg]=A-A+K, (14)

where M*® is the moment tensor corresponding to the deflection function w(x®). If we
introduce the design variable h(x*) by means of eqn (3) and redefine Lagrangian multipliers A,
A(x*) and x(x*) by a simple scaling factor, the optimality condition (14) can be written in the
form

A1+ v)M* M5 — vYM°MF1=A- A + & 15)
The variation of #* with respect to o and 7, respectively, gives the switching equations

Ao=0 (16)
and
kr=0. an

tThe condition is necessary but not sufficient for global optimality.
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Comparing these equations with the defining eqns (10) and (11) for the slack variables o(x*) and
r(x*), we are able to deduce the following results by studying possible combinations of o and
7. If o#0 and 7#0, then we have A =k =0 and hp,, < h < hy,, i.e. the thickness function is
unconstrained at the point considered. If 0# 0 and 7 =0, then x =0 and h = hy,,, that is, the
thickness is constrained from below. If we have ¢ =0and r%0,then A =0 and s = h,,,, i.e. h
is constrained from above. The combination o =r=0 is not possible since we assume
Rmax > Pemine

The above results enable us to eliminate the functions A, , o, 7 and instead introduce the
unions {.,, O, and Q. of subdomains in Q (=0, U Q. U Q.), where the plate thickness
h(x®) is constrained from above, unconstrained and constrained from below, respectively.
Introducing the short-hand notation g for the scalar function

glx*)=(1+ V)M’ M,; - vM,* M, (18)
we can then write the following convenient formula for the plate thickness function A,
hmax if (g(-\'“)/A)m2 hmp x* € ﬂ“
hx=)=1{ (@x*)IN", x* € Q, (19
Ain if  @x*VAYM < hyn, x* € Qg

where the expression for h in the (unions of) unconstrained subdomain(s) £}, (with A = x =0)
follows from eqns (15) and (18).

Now we only need a suitable expression for the Lagrangian multiplier A. Substituting eqn
(19) into the volume constraint (9) and solving for A, we obtain

f g(xa)m a0
A= =

. (20)
V-h,,;,,[ dﬂ-—kmf daQ
Qcp (L%

In summary, the complete system of necessary conditions for our optimization problem
consists of eqns (2)-(4), (8) and (18)-(20), together with a particular set of the boundary
conditions (5a), (5b) or (5c). This system of equations is seen to constitute a coupled, non-linear
integro-partial differential boundary value problem with unknown interior boundaries, and
closed form solutions cannot be expected. The principal unknowns to be determined are the
minimum compliance 7, the associated deflection w(x®) and the thickness function A(x), of
the optimal plate, which in turn require determination of the Lagrangian multiplier A and the
subdomains (1.,, {1, and (.

The given quantities for a particular problem can be summarized as the following: the type
of coordinate system x', the plate domain (1 with contour w and transverse static load
distribution p(x*), the total plate volume V, the minimum and maximum allowable values Ay,
and h,,, for the plate thickness, and the constants E and » for the plate material.

3. SOLUTION PROCEDURE BASED ON SUCCESSIVE ITERATIONS

In order to solve the governing non-linear, integro-partial differential boundary value
problem, i.e. eqns (2)-(4), (8) and (18)-(20), which, together with a given set of boundary
conditions (5a), (5b) or (5¢c), constitute the mathematical formulation of our plate optimization
problem, we apply a numerical solution procedure based on successive iterations.

The general iteration scheme constructed and used as a basis for obtaining all the numerical
results presented in this paper has the following form:

START Take h(x*) arbitrarily together with {.,, {, and ., such that fo d02>0.
1 Compute D{x*) by eqn (3).
II Solve w(x®) from discretized version of differential eqn (4) and boundary
conditions (5a), (5b) or (5¢).
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Il Compute M°® by eqn (2), determine M,; and M,°, and compute g(x°) by eqn
(18).
IV Compute A by eqn (20).
V Determine h(x®) together with Q.,, Q, and {)., from eqn (19).
VI Go to IV if h(x*) has not converged in the inner iteration loop IV-VI.
VII Go to I if h(x*) and hence all other iterates have not converged in the main
iteration loop I-VII.
VIII Compute 7 by eqn (8).
END

In this scheme, the functions are iterates represented by their discrete values at a number of
fixed mesh points in the domain ) and at its contour @ embedded in the x* plane of a given
coordinate system. For a given set of mesh points, the sequence of iterates is found to converge
rapidly towards the numerical solution, especially if the ratio hu.,/hx, is not taken too large
(i.e. greater than about 5). However, as will be outlined and discussed in the subsequent
sections, our numerical study reveals that in some problems, i.e. for given Q, p(x*), V, hpin,
huaxs E and », the numerical solution to the discretized problem is significantly dependent on
the fineness of the grid used in the computations.

4. RECTANGULAR PLATES

When dealing with rectangular plates, it is convenient to select x’ as a Cartesian coordinate
system. Then the components of the metric tensor for the plate mid-surface are given by

aap = aBﬂ = aﬂﬂ = {é (]’}’ (21)

which implies that no distinction is necessary between contravariant, mixed and covariant
components of similar indices of any Cartesian tensor and that the Christoffel symbols vanish,
such that contravariant and covariant differentiation both reduce to usual partial differentiation.

Denoting the x', x2 and x> axes of the Cartesian coordinate system by x, y and z,
respectively, the compact differential equation (4) for plates of variable thickness can be written
in the familiar expanded form[29]

(DW 1) +(Dw y)) yy + ¥(Dw 1)y + ¥(Dw ) 1 +2(1 - vX(DwW 1) 5y = p, (22)

where commas denote partial differentiation with respect to succeeding coordinate(s). Equation (2)
can be expressed in the traditional form

M, =D(w,,+ww,,), M,=D(w, +vw,), M,=D(1-v)w,, (23)

where M,.(= M" = M, = M)) and M,,( = M*? = M;? = M5,) are the physical bending moments
and M,,(= M'2= M* = M??, etc.) the physical twisting moment (all per unit length) in the plate.
The characteristic quadratic expression termed g in eqn (18) can be written out as

8(x®) = (My, + M, )} +2(1 + )[M3, - MuM,,), (24)

and substituting eqn (24) with M,,, M,, and M,, given by (23) into eqn (15), the optimality
condition reduces to the familiar form[20]

R(AWY +2 (1-»)[wh, — wuw,l1=A, (25)

in the unconstrained subdomain .. In eqn (25), A denotes the Laplacian operator A( )=
( )xx +( )., and the original Lagrangian multiplier A has been scaled.

Performing the numerical solution procedure for rectangular plates, we choose the x and y
axes of the Cartesian coordinate system along two intersecting plate edges and introduce a
rectangular grid in the plate domain with equidistant spacing in the x and y directions.
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To solve the Cartesian version (22) of the plate eqn (4) together with a given set of boundary
conditions in Step II of the iteration scheme outlined in Section 2, a finite difference method is
used. Since stiffener-like thickness variation is to be expected as a result of our optimization,
the finite difference scheme is developed on the basis of low order polynomial approximations
and care has been taken to avoid as much as possible the use of approximations that implicitly
assume continuity and differentiability across the interior boundaries between constrained and
unconstrained subdomains, where first order derivatives of the thickness function and higher
order derivatives of the deflection are discontinuous.

Results and discussion

We now present some thickness distributions obtained for square, solid, elastic plates that
are acted on by uniformly distributed static loading and optimized for maximum stiffness
{minimum compliance).

Figure 1 illustrates a square plate whose edges are all simply supported, and the result
shown in Fig. 2 is for a plate with all edges clamped. The constrained and uncontrained
subdomains for the plate thickness functions are easily identified in the figures. Both results are
obtained for a comparatively small ratio, hy./heis = 1.5, between the maximum and minimum
thickness constraints, and the volume assigned to the plates is given by h/h;, = 1.25, where h,
designates the thickness corresponding to uniform distribution of the plate volume. Poisson’s
ratio for the plate material is taken to be v = 0.25. The compliance n of the simply supported
plate in Fig. 1 is 82.4% of the compliance =, of a uniform, simply supported plate with the same
volume, side lengths, material and loading and the compliance of the clamped plate in Fig. 2 is
70.7% of the compliance of a corresponding uniform, clamped plate. A grid consisting of 10x 10
equally spaced points for a quarter plate is used in the numerical solution procedure.

The build-up of material in the corner of the simply supported plate in Fig. 1 is noticeable
since it can be shown analytically that the thickness function vanishes along simply supported
edges and particularly at the corner between such edges, if no minimum constraint is specified
for the plate thickness (see Ref. [7, 19] for a slightly different problem). However, the physical
conditions at the simply supported plate corner crucially depend on whether or not a minimum
thickness constraint is considered in the formulation for optimal design; in the case where no
minimum constraint is specified, it can be shown by means of an analytical expansion of the
solution in the vicinity of the plate corner, that the concentrated Kirchhoff reaction force in the
corner point is equal to zero. However, if even a very small, but finite, minimum thickness is
considered in the problem, then the Kirchhoff corner force is finite. Now, plate optimization
problems are known to be extremely sensitive with respect to concentrated forces{s, 30]; at
points of action of such forces, the thickness function will tend to infinity unless a specified
maximum constraint, as in the present formulation, constrains the thickness function against
such behaviour, viz. the plate corner in Fig. 2.
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Fig. 1. Simply supported square plate, hpuu/Roia = 1.5, A, = 1.25; #fm, = 0.824. A 10x 10 grid is used
for a quarter of the plate.
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Fig. 2. Clamped square plate, Aous/Bmin = 1.5, BJhmia =1.25; #lm, =0.707. A 10x 10 grid is vsed for a
quarter of the plate.
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The thickness variations shown in Figs. 1 and 2 are qualitatively very similar to those
published in Ref. {20}, where, however, the numerical procedure seems to be less attractive
than the approach developed in the present paper from the point of view of simplicity and
effectivity. In Ref. {20], only results associated with the ratio hme./ A = 1.5 are presented.

For problems associated with moderate to large hp./hn, ratios, we found that different
local optimal solutions could be obtained by starting the iterative procedure with different initial
thickness functions, keeping all other input and problem data unchanged. Thus, as was found
for a similar optimization problem[17}, the present problem, too, seems to possess a number of
local optimal solutions.

For large hna/hmi ratios, we obtain thickness distributions with significant stiffeners as
illustrated by the quarter of the calmped plate shown in Fig. 3. This result is associated with
huBin=2 and Ama/hmin = 6, and the compliance is found to be 21.8% of the compliance of a
corresponding uniform plate. Concerning the stiffeners, we should like to underline that they
are formed automatically by the optimization, that is, except for the total plate volume and
thickness constraints, no constraints, €.g. conditions concerning location, number or width of
the stiffeners, are imposed.

The solution shown in Fig. 3 is associated with the highest integral stiffness (smallest
compliance) from among other stationary solutions obtained for the given set of problem data.
In fact, the solution is determined by an incremental procedure of ‘“optimal structural
remodeling”[31], where a uniform plate of thickness h,,, is taken as the starting structure, and
where fractions of the total plate volume V are successively applied for optimal improvement
of the structure obtained from the previous step of remodeling, until the entire available volume
V is used. For large h,,,,/hn;, values and a given plate grid, this approach generally seems to lead
directly to the “best” local optimal solution and to demand less computer time than the
procedure considered previously, where ail the available volume of plate material is applied at
one time.

N o

symmetry

clamped edge

piate corner / clamped edge

Fig. 3. Quarter of clamped square plate, Apyy/uin =6, A hgin =2; 7l m, =0.218. A 10x 10 grid is used for
the quarter plate.
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However, the numerical solution for the clamped plate in Fig. 3 cannot be designated as the
final answer to the problem considered, because we have found that solutions associated with
large hga/hai, ratios are significantly dependent on the fineness of the grid used in the
numerical solution procedure. The result in Fig. 3 is obtained on the basis of 10X 10 equally
spaced grid points for one quarter of the plate. If we solve precisely the same problem as in Fig.
3, but use 20 % 20 equally spaced grid points for the quarter plate, we obtain the result shown in
Fig. 4,1 where more stiffeners are formed, and where the compliance is now 20.4% of the
compliance of the uniform reference plate.

Thus, if finer and finer grids are used, we find decreasing compliances and that more and
more stiffeners are formed. These stiffeners become thinner and thinner since V, h,,, and Ay,
are not changed. Increasing the grid fineness, a possible limiting design could not be obtained
within the capacity of our computer and probably cannot be found at all. Thus, the present
formulation of the optimization problem does not seem to possess a global optimal solution if
Roaxt Bmin 18 large.

5. ANNULAR PLATES
In order to study the fundamental questions concerning the behaviour of numerical
solutions and the very formulation of optimization problems for solid plates in greater detail,
we shall now use a polar coordinate system r, 8 for reasons of convenience that will be
apparent in the sequel. Taking r=x, and @ =x,, the metric tensor for the plate mid-plane

becomes
R A N R P

which implies that from among the Christoffel symbols
€ " l & 27
a B "‘ia (ac8.5+a35.n“aaﬁ,5} ( )
only the following will be different from zero,

{122} = {221} =r {2]2} =r @

Using now the general rule for covariant differentiation of tensors, we find that the
contravariant, mixed and covariant components of the moment tensor in eqn (2) can be

symmetry
/
] 7~
symmetry
clamped edge
plote corner / clamped edge
Fig. 4. Quarter of a clamped square plate, hpu/Buin =6, Bt hgin = 2; nlm, =0.204. A 20 % 20 grid is used for

the quarter plate.
) it is interesting to note that this result has a remarkable similarity with a result obtained by Prof, Prager[32] for a quite
leerent problem, namely minimum-weight design of rectangular grillages against plastic collapse; the distribution of
stiffeners in Fig. 4 of the present paper strongly resembles the optimal beam layout in Fig. 4b of Ref. [32].

$S Vol. 17, No. 3D
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expressed in terms of the deflection w and plate rigidity D as follows,
M“=M,‘=M,,=D<w +iw,+ 5w )
o r o rz .68
M2=rM?=r*My=Dr? (uw',, +% w_,+?1‘; w_,,)

M=M= M2 = 1My = 1My, = 1My = (1 = »)Dr"! (} w,,) . 29)

W

Along a curve r=const, the Kirchhoff shear force in eqn (7) has the form Q=- M+
M2~ r'M" - 2M'2 and corresponds physically to the radial (Kirchhoff) shear force Q, per
unit length. By means of (29), this quantity can be expressed by w and D as

1 1
Q= —D_,(w_,,+-lriw',+%w,u)"D (W.n+; Wt W.aa)

N

~(t-»D1 (% w.,,)"— A1- 9D, (% w,,) : (30)

o

The physical moment components, i.e. radial bending moment M,, tangential bending
moment M,, and twisting moment M,, = M,, (all per unit length) are defined as follows in terms
of the mixed moment tensor components, and can be expressed by w and D as

M,=M'=D (w|,,+$ w‘,+% w,”), My=M3?=D (uw_,,+% w‘,+—:5 w‘“),

M= My = VMM = (=)D (1w, ) a1

r

Via eqns (29), the function g in eqn (18) is seen to take the following form in terms of the
physical moments,

8(x*) = (My, + Myg)’ + 2(1 + »)[M 7, — M Mip). (2)

By means of eqns (26)-(32) it would now be a simple task to specialize the governing tensor
equations for our plate optimization problem to a general description in polar coordinates, but
this will be omitted here.

Instead, we shall from now on assume that the plate is rotationally symmetric, i.e. that its
thickness 4 and bending rigidity D depend only on the distance r from the symmetry axis,
implying A = h(r) and D= D(r). Furthermore, we shall limit outselves to considering load
distribution functions p(r, 9) of the special type

p(r, 8) = f(r) cos né, (33)

where f is a given function that only depends on r and where n is a given integer. Equation (33)
thus models a rotationally symmetric load distribution for n =0, whereas eqn (33) for n#0
models a load p(r, 8) that has the trace f(r) for 8 =0 and varies harmonically with 8 in the
circumferential direction. Assuming the boundary conditions to be homogeneous, the plate
deflection function w(r, ) then has the simple form

w(r, 8) = u(r) cos né. (34)

The assumptions introduced here offer the mathematical simplification that the governing
non-linear partial differential equations of our optimization problem reduce to ordinary
differential equations after a separation of variables and this means in turn that much less
computer space and time are required for the numerical solution procedure. These sim-
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plifications do not impede our further study of plate stiffener formation; the rotationally
symmetric plate possesses the possibility of increasing its stiffness against circumferentially
varying loads p(r, 8) by forming concentric, circumferential stiffeners that may effectively
counteract the circumferential curvatures of the deflection function w(r, 6).

Now, substituting (29) with w given by (34) into the equilibrium eqn (1), cos né factors out
and we obtain an ordinary differential equation for the plate rigidity function D(r) and the
d-independent part u(r) of the deflection function. After some manipulation, this equation can
be written in the comparatively compact form

{r[D(u"+%u’—p’-_;u)'+D’ (u"+l; u'--’-’;'_'; u)]}'-D-’-:-_z (u"+%u'-—--’§u)
~a-np (+a) = o, (35)

where primes denote differentiation with respect to r. Equation (35) replaces eqn (4) in the
formulation of our new optimization problem.
For deflection functions in the form (34), the stress resultants in eqns (30) and (31) reduce to

Q. =g, cosn, M,=m,cosnl, My=mycosnd, M,=mgsinnf, (36)

respectively, where the §-independent parts of the stress resuitants are given by
2 2 7 2 ]
a.=-D (w+2u-2ru)-D (w+1u-2u) +a-nD% (24)
=D (w+Zu-25 =p(w+lu-Tu), my=-a-»D(24), 6D
Mp=D\u'+=u'="Fu), My=D\vi"+u'=zu), My T4

respectively.

In order to establish the optimality condition, we now substitute eqn (31), with M,,, My, and
M, given by eqns (36), into (A20) and perform a separate integration over @ in the interval
0= 6 =<2m, thereby ruling out #-dependence. Upon applying the usual argument from the

calculus of variations, using egn (3) and scaling Lagrangian multipliers A, A and x, we obtain
the optimality condition in the form

h™[(m,, + mgp)* +2(1 + v)(mZy — M, meg)) = A= A + (33

which takes the place of eqn (15) for the present problem.
Defining the function g as

8(r) = (m,, + mgl? + 2(1+ v)X(m%y — m,my,), (39)

from now on, we instead of eqn (19) obtain the formula

hoax i (@NAY#Z by, rE T,
h(nN={ @I, rer, (40)
hoin i @AY *Shpin, 7 E 1y

for the optimal, symmetrical plate thickness function h(r). Here, 1., 7, and r, denote the
unions of sub-intervals for the radial distance r, where the plate thickness is constrained from
above, unconstrained and constrained from below, respectively.
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Finally, substituting eqn (40) into eqn (9) and solving for A, we obtain the formula

4

jg(r)”‘rdr
rdr—hm.xf rdr

Tea

A=

v , @n

1 - hmin

Teb
which takes the place of eqn (20) for our new problem.

As objects of optimization, we now consider annular plates with various combinations of
boundary conditions at their inner and outer circular edges. In accordance with eqns (Sa—) we

deal with simply supported, clamped and free plate edges, and in the present notation
corresponding boundary conditions can be expressed as

u(r*)=0, m,(r*=0 (42a)
u(r*)y=0, u'(r*=0 (42b)
m.(r*)=0, q.(r*)=0, (42¢)

respectively, where g, and m,, are given in terms of u and D by eqns (37) and where r* denotes
the radius of the inner or the outer plate edge.

In the iterative solution procedure of Section 2, where u now replaces w, we in Step II solve
the present version (35) of the plate equilibrium equation (4) by means of the finite element
method, sub-dividing the distance between the inner and outer plate edges by means of a
number of equally spaced nodal points, where the deflection « and slope u’' are used as the
nodal unknowns, and where continuity is imposed on these quantities. Each element between
two adjacent nodal points has a constant thickness and its shape function for the deflection u is
taken to be a complete third order polynomium. This approach is chosen because the different
boundary conditions (42a—c) are easily imposed, and because it admits thickness jumps between
neighbouring elements, which is a behaviour the plate may tend to exhibit.

When the deflection function u(r) is determined in Step I, we in Step III compute m,,, mg,
and m, by means of eqns (37) and the function g(r) by eqn (39). In Step IV, A is then
determined by eqn (41). The computation of the new values of the constant thicknesses of the
clements in Step IV is performed by means of eqn (40) on the basis of determining for each
element sub-interval a constant, properly averaged value of the function g in eqn (39).

Results and discussion

We now present a number of numerical results obtained for annular plates acted on by load
distributions (33) with f constant and n a given integer. In all the examples, the inner piate
radius is taken to be one-fifth of the outer radius, the ratio between the thickness constraints is
Renax! i = 5, and the total plate volume is given via the ratio h,/hy;, = 1.6579, where h, is the
plate thickness corresponding to a uniform distribution of the available volume over the plate
area. Poisson’s ratio of the plate material is taken to be » =0.25. In the following we state the
compliance m of an optimized plate as a fraction of the compliance =, of a corresponding
uniform plate that has the same loading, boundary conditions, total volume and inner and outer
plate radii and that is made of the same material.

Figures 5(a)-(i) illustrate numerical solutions for annular plates with the nine possible
combinations of clamped, simply supported and free inner and outer plate edges. Each solution
is illustrated by a radial section through the plate, together with the 9-independent part u(r) of
the deflection function. All the results are associated with the load wave number n =4 and 100
elements are used in the numerical procedure. It is noted that circumferential stiffeners are
formed in all the plates, and it is also interesting that some of the plates with simply supported
and free edges build up ring-shaped edge reinforcements that reduce the slope of the deflection.

To investigate the influence of the load wave number n on the numerical results, we take the
clamped-clamped plate as an example and first optimize it subject to n = 6 and 10, respectively,
again using 100 elements. The results are shown in Figs. 6(a)=(b), and may be compared with
the result for n =4 in Fig. 5(a). As is to be expected, the number of stiffeners tends to increase
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Fig. 5. Results of optimizing annular plates of different boundary conditions. Solid curves show radial
sections through the plates and dashed-dotted lines indicate the r-independent part « of the deflection
functions. The load and deflection wave number 2 in the circumferential direction is equal to 4 in each
example. The inner plate radius is one-fifth of the outer radius and the results are based on subdividing the
plates into 100 elements. (a) Clamped-clamped plate, /x, = 0.536. (b) Simply supported-simply supported
plate, m/m, =0.605. {c) Free-free plate, #/x, =0.265. (d) Clamped-free plate, a/w, =0251. (¢) Simply
supported-free plate, ufw, =0.256. (f) Free-clamped plate, =/w, =0617. (g) Simply supported-clamped
plate, nfx, =0564. (h) Clamped-simply suppoﬂ;ted p})a:.s nim, =0.584. (i) Free-simply supported plate,
=, = 0.645.

with increasing n. Optimizing a clamped-clamped plate for n =0, 1 and 2, respectively, see Figs.
7(a)~(c), none of our numerical results exhibits stiffener-like behaviour even though we increase
the number of elements to 300, thereby favouring formation of possible stiffeners, which should
be expected in view of [3].

Let us now investigate how the number of elements used affects the resuits, taking the
clamped-clamped plate associated with n = 4 as an example. Figures 8(a)-{d) show the results
obtained by using 150, 200, 250 and 300 elements, respectively, to cover the interval of the
radial distance from the inner to the outer plate radius. Figures 8(a)~(d) illustrate that the
number of stiffeners increases rapidly and that the compliance decreases as the number of
elements is increased. Moreover, the stiffeners are seen to become thinner and thinner as the
number of elements increases, the widths of most of them in fact being equal to the width of
one element only.
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(a)
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Fig. 6. Doubly clamped annular plates optimized for different load wave numbers n: (2) n =6, #/m, =
0.481. () n =10, #/m, = 0.408. The plates are subdivided into 100 elements.
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Fig. 7. Doubly clamped annular plates optimized for small load wave numbers n. (a) n =0, n/#, = 0.463. (b}
n=1, mlu, =0489. (c) n =2, on, =0.589. The plates are subdivided into 300 elements.

These results clearly indicate that no limiting solution will be found if we continuously
increase the number of elements, and this implies that there is no global optimal solution to the
present formulation of our optimization problem for sufficiently large values of the ratio
hmﬂxl hmin-

Optimization with segmentwise constant thickness and a minimum stiffener width constraint

From the results reported above, the natural question arises of whether an optimization
problem associated with a large hy,./hn, ratio will possess a global optimal solution if, in
addition to the minimum and maximum thickness constraints, we consider a minimum allowable
width of possible stiffeners in the mathematical formulation of the problem.

To study this question, we impose the condition that the thickness function may not vary
within plate segments consisting of a given number of adjacent finite elements. We then solve
the problem a number of times where different numbers of elements are used, but where the
proportion between the number of elements within the segments of constant thickness and the
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Fig. 8. The dépendence of the design of a doubly clamped annular plate with # =4 on the number of
clements used, (a) 150 ¢lements, of#, =0.536. (b) 200 elements, wfw, =0.525. (c) 250 elements, nfx, =
0.433, (d) 300 elements, =/, =0.428.

total number of plate elements is maintained, such that the absolute values of the radial
distances of the plate segments are the same in each calculation.

We find that problems associated with a sufficiently large minimum width constraint for
possible stiffeners seem to have a global optimal solution, because the same plate design is
obtained independently of the starting design and the number of clements used. If a smail
minimum width constraint is specified, however, the results are less conclusive since different
local optimal designs can be obtained by starting out from different initial designs and using
different numbers of elements.

6. CONCLUDING REMARKS

Some fundamental questions concerning the mathematical formulation for optimal design of
plates on the basis of thin plate theory, are investigated in this paper. Our numerical resuits
show that the geometrically constrained formulation considered, significantly prompts the
formation of plate stiffeners. However, as in a geometrically unconstrained formulation
investigated in [17], we find that a number of local optimal solutions exist and that a possible
global optimal plate thickness function does neither exist in the class of smooth functions nor in
the class of smooth functions with a finite number of discontinuities. Similar results are to be
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expected for corresponding formulations of optimal plate design with respect to minimizing the
largest deflection, maximizing the fundamental vibration frequency, buckling load, etc.

The current results indicate clearly that the global optimal design is a plate which, at least in
some regions, is equipped with an infinite number of infinitely thin stiffeners. Indeed, this has
been confirmed by follow-up research{33, 34] on axisymmetric annular plates. In Refs. [33, 34],
which deal with static compliance and transverse vibration frequency design, respectively, new
optimal design formulations have been developed on the basis of a revised plate model where
the density of infinitely thin stiffeners is used as the design variable and where the plate bending
rigidity becomes an orthotropic function of the stiffener density.

Acknowledgements—Authors thank F. 1. Niordson for many useful discussions. The first author gratefully acknowledges
the reception of a scholarship from the Danish Ministry of Education.
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APPENDIX
In this section, we shall derive in some detail the Euler-Lagrange equations expressing the conditions of smipmrity of
the functional 7* in eqn (12) with respect to arbitrary admissible variations of the deflection w and the plate thickness &,
respectively.
Variation of w yields the stationarity condition

-~ of =
fn pbw )+ J; ndodBM**(w) 01 =0, (A
where the expression of M*# in terms of w is given by eqn (2). Using the identity
1dedgbM* = d,(ndpbM*®) - (d.nXdsbM"*)
to replace the second integral in (A1) by two new integrals and applying the divergence theorem to the first of them, we get
- [ powdn+§ nndgau=00 du- [ 14kl a1 =0, (A2

where w is the boundary curve of the domain {} and n, is the outward unit normal vector in the x* plane to this curve.
An analogous treatment of the last term on the r.hs. of eqn (A2) gives the equation

- fn péwdQ +§ nendy8M**(w) do —§ M= (Wingd,n do + [n 8M(w)d.dgn 402 = 0. (A3)

In the third integral of eqn (A3) we now put d,n = yn, + {t,, where ¢, is the unit tangent vector to w and where ¢ and {
dtl:emu the scalar slopes of the function % in the normal and tangential directions, respectively, to the curve w. Using then
identity

(M oy, = agﬁM';:w)t.&)_ . a(su-;:'w):,g,)’

and noting that { = an/ow, we can write eqn (A3) in the form
- J‘ pbw dn+§ ” { nadgbM(w)+ G(GM::’W)I )} dom f a(ggM';:w)t!nl) o
n - "

- f W(n)EM**(w)n ny do + J; SM**(w)d,dyn 41 =0, (Ad)

Here, the Kirchhoff shear force Q(w) given by eqn (7) and the effective bending moment Mp(w) given by eqn (6) can be
introduced in the first and third curve integrals, respectively. Since the curve w is closed, the second curve integral will
vanish if w is smooth, but if » has one or more corner points x7, i=1,2,..., where the vectors i, and n, change
discontinuously from ¢ and nj to t; and nj, respectively, the second curve integral will become equal to

- 2 {ﬂw.( W)}x' -z’
where
{Q‘}x'-x.‘ = {M.’tl*n’¢ = M..‘¢~nl_}x'-xf' (As)

identifies the concentrated Kirchhoff force at a possible corner point x, Hence, we can write eqn (Ad) as
- [ povan-§ 20 do + S (1@ Wrwir - § HrMa(WIdo+ [ MBI a0=0. (A
0 - » 0

Let us now address our attention to the last integral on the Lh.s. of eqn (A6). Using the shorter notation 87 for this
integral,

8= fn M= (w)d,dyn df), (AT)
and introducing covariant differentiation throughout in the expression for M** in eqn (2), we have
M**(w)= DA"*d d,w, (A8)
where the fourth order metric tensor A*™ is defined by
AT = (1 - »)a""a?" + va*Pa™. (A9)

Equation (A7) can then be written as

8l = fn DA**~{d 4 5w}d,dyn 40, (A10)
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but since the tensor A°* in eqn (A9) possesses the symmetry property A°™* = A™® due to symmetry of the metric
tensor 2, it follows from eqn (A8), when this equation is expressed in terms of 7, that eqn (A10) can be written in the
form

51=j M8(n)d,dgbw df), (A1l
n

where the moment tensor is now based upon the function 7.
Using the identity

MeB(n)d,dgbw = d,{M°®(n)dgdw} - da{Swd, M (7)} + bwd,dsM*8(n)
to replace the integral (All) by three integrals, applying the divergence theorem to the first two of them, we write

dgdw = ngby + ta6¢ where ¢ and ¢ denote the scalar slopes of w in the directions normal and tangential to the curve o,
respectively. Then, upon noting that ¢ = dw/dw and using the identity

af B
M®(n)tgn. 5 = 2M (;IllanaBW) _IM ;;1)!,".) s

we obtain the following expression for the integral &1,

5= f M) ngdd(w) dw +§ A gl g, —f {n,d.M"(n)+M_'f5f_n!L).’ﬂ-.} o du

+ jn {dds M8 (n)}ow 0. (A1)

Since M8 is symmetric, it is now possible to introduce in the first and third integrals the effective bending moment Mg(7)
and Kirchhoff shear force Q(n) based on n by means of eqns (6) and (7). Furthermore, the second integral of eqn (A12)
vanishes if the curve w is smooth, but equals

- 2 {Q*(n)6W)iemse,

where Q* is defined in eqn (AS), if the curve w has corner points x°. Consequently, we can write eqn (A12) in the form

8l = § Ma(méy(w) do +§ Qmow do ~ 3 {Q*(m)w)e oy + fn {d dsMB(n)bw dO. (A13)

Now, substituting this expression for &I into eqn (A6) via eqn (A7) and collecting terms, we have the variational
equation

- f 18Q(w) dw + 3 {n8Q*(W)}xe e -§ ¥(n)8Mp(w) dw +§ Qn)ow dw - 2‘: {Q*(m)dw}ense

+ § Mp(m)6%(w) dw + jn {dudsM*®(n) - p}ow 42 =0, (Al4)

which expresses the stationarity of #*, eqn (12), for arbitrary admissible variation of w. To be admissible, w must satisfy
the boundary conditions (Sa), (5b) or (Sc) for a particular problem.

Since 5w is arbitrary, it follows from eqn (Al14), taking eqn (2) into account, that the function n(x) must satisfy the
partial differential equation

ddg{D{(1- ¥)d*d®n + va**d,d"n}] = p (A1)

in the domain £, but this is the same differential equation as governs the deflection w(x®), see eqn (4). Moreover, it follows
from eqn (A14) that, at the plate boundary w, (i) the function #(x*) must vanish if the distributed Kirchhoff shear force
Q(w) of eqn (7) and concentrated Kirchhoff forces Q*(w) of eqn (AS) at possible corner points x are not specified, (ii)
that the slope ¢(n) = n®d,n of the function n normal to » must vanish if the effective bending moment My(w) in eqn (6) is
not specified, (iii) that Q(n) and Q*(n) must vanish if the deflection w 15 not specitied and (1v) that Mg(n) must vanish 1t
the slope W(w) = n*d,w of the deflection w normal to o is unspecified. All these results clearly imply that the function
n(x*) must satis{y the same particular set of boundary conditions (5a), (5b) or (Sc) as is specified for the deflection function
w(x®) in a given problem.

Since the functions n(x*) and w(x*) are governed by the same differential equation and the same set of complete boundary
conditions for a particular problem, they must be identical,

n(x?) = w(x®). (Al6)

It is noted that this result is closely connected with the fact that the differential operator on the L.h.s. of eqn (4) is
self-adjoint.
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Variation of h gives the following condition of stationarity of the functional 7* in eqn (12) if we use the result (A16)
and introduce the moment tensor M*A(h, w) given by eqn (2),

L wd,dpSM® (h, w) 402 + L (~A+A =~ x)6h d1 =0, (A1)

Treating the first term in analogy with our manipulation of the second term in eqn (A1) during the steps from eqn
(A1)~(A6), we obtain

- f w8Q(h, ) do + 3 {WQ*(h Wl -sr — § ¥(SMa(h, ) do
+ I SMP(h, W)d.d,w [[4] +I [-A+A-«x)6hdQ =0, (A18)
£ {11

but here, the three first terms vanish for any of the sets of boundary conditions (5a), (5b) or (5¢) under consideration. Now,
writing SM** as 3(DM*’| D), noting that M*#/D does not contain h, and using the well known result{28] that the tensor
d,dyw, i.c. the covariant curvature tensor, can be expressed in terms of the moment tensor as

d.d,w=ﬁ-_—l.7)T,I(I+V)M..-m.,M,’l, (A19)
we obtain the following equation by performing the variation with respect to 4 in eqn (A18) and collecting terms,
[ {‘”’ L[+ M M, shd =0 A0
A -ﬁm[( +V)IM*M,, - vM, /]-A+A-—x} =, (A20)
Since &h is arbitrary, we thus have
dD 1 o8 M= A-A A2l
ﬁu—_y-w[(l+v)M Meg — vM*MPl=A- A+, (A21)

which constitutes the optimality condition for our problem.



